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BETHE SUBALGEBRAS IN YANGIANS AND THE WONDERFUL
COMPACTIFICATION
ALEKSEI ILIN AND LEONID RYBNIKOV
Abstract. Let g be a complex simple Lie algebra. We study the family of Bethe subalgebras
in the Yangian Y pgq parameterized by the corresponding adjoint Lie group G. We describe
their classical limits as subalgebras in the algebra of polynomial functions on the formal Lie
group G1rrt´1ss. In particular we show that, for regular values of the parameter, these sub-
algebras are free polynomial algebras with the same Poincare´ series as the Cartan subalgebra
of the Yangian. Next, we extend the family of Bethe subalgebras to the De Concini–Procesi
wonderful compactification G Ą G and describe the subalgebras corresponding to generic
points of any stratum in G as Bethe subalgebras in the Yangian of the corresponding Levi
subalgebra in g. In particular, we describe explicitly all Bethe subalgebras corresponding to
the closure of the maximal torus in the wonderful compactification.
1. Introduction
1.1. Bethe subalgebras in the Yangian. Let g be a complex simple Lie algebra, G the
corresponding adjoint Lie group, Greg the set of regular elements in G. The Yangian Y pgq is
the canonical Hopf algebra deformation of the enveloping algebra Upgrtsq of the Lie algebra of
polynomial maps CÑ g. On the other hand, Y pgq is a deformation of the algebra OpG1rrt
´1ssq
of polynomial functions on the first congruence subgroup G1rrt
´1ss with the rational r-matrix
Poisson bracket. For g “ sln this algebra appears in the works of L. Fadeev and St.-Petersburg
school in relation to the inverse scattering method, see e.g. [17], [16]. In full generality this
algebra firstly appears in the paper of V. Drinfeld [2].
There is a family of commutative subalgebras BpCq in Y pgq, called Bethe subalgebras, pa-
rameterized by C P G. In this generality such subalgebras were first mentioned by Drinfeld [3].
For g “ sln these subalgebras were studied by M. Nazarov and G.Olshanski in [14], for classical
Lie algebras in the work of A.Molev [12]. In [11] D. Maulik and A. Okounkov define Bethe sub-
algebras in the RTT Yangian in connection with quantum cohomology of quiver varieties. We
describe the associated graded of BpCq in OpG1rrt
´1ssq as follows. For any finite-dimensional
representations V of G we assign the Crrt´1ss-valued function σV pCq P OpG1rrt
´1ssq such that
σV pCqpgptqq :“ Tr V Cgptq for all gptq P G1rrt
´1ss. Then the subalgebra grBpCq Ă OpG1rrt
´1ssq
is generated by all Fourier components of σV pCq for all finite-dimensional representations V of
G. This implies that if C P Greg then BpCq is a free polynomial algebra with rk g infinite series
of generators of degrees 1, 2, 3, . . .. In particular, it has the same Poincare´ series as the Cartan
subalgebra of Y pgq (Theorem 4.9). These results seem to be well-known, but we did not find
any proof of them in the literature.
This allows to define limit Bethe subalgebras with the same Poincare´ series, considering the
closure of Greg in appropriate Grassmanians, see [8]. On the other hand, one can extend the
family of Bethe subalgebras using the wonderful compactification of the adjoint group G. In
the present paper we describe the connection between these approaches.
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1.2. Wonderful closure. The main purpose of this paper is to extend the definition of Bethe
subalgebras to C P G, the De Concini–Procesi wonderful compactification of the group G, [1].
The latter is a smooth projective GˆG-variety which contains G as an open subset. The strata
(i.e. G ˆ G-orbits) of G are indexed by all subsets of simple roots of g and can be described
as GˆGˆGI
PIˆP
´
I
where PI , P
´
I are opposite parabolic subgroups determined by a subset I, and GI
is the semisimple quotient of the Levi subgroup LI “ PI X P
´
I . In particular, if I “ H then
PI is a Borel subgroup of G, so the minimal G ˆ G-orbit in G is just the Cartesian square
of the flag variety, G{PH ˆ G{PH. The subalgebras corresponding to the boundary points
of G are some new commutative subalgebras in Y pgq. We describe explicitly the subalgebras
corresponding to generic points of any stratum of G. Namely, these subalgebras are conjugate
to Bethe subalgebras of the Yangian of some Levi subalgebra l Ă g (Theorem 5.7). In particular,
for any C in the open G-orbit on the closed stratum G{PH ˆ G{PH the corresponding Bethe
subalgebra is some conjugate of the Cartan subalgebra H of Y pgq.
We show that Bethe subalgebras corresponding to boundary points of G are contained in
some limit Bethe subalgebras. Moreover, we expect that the parameter space of limit Bethe
subalgebras is some resolution of G, i.e. there is a proper birational surjective map from this
parameter space to G.
1.3. Restriction to the maximal torus. Our main interest is the family of Bethe subalgebras
BpCq such that C is from the given maximal torus T Ă G. The action of such BpCq preserves
the weight decomposition of any Y pgq-module. We show that all points in the closure T of
T in the wonderful compactification G are “generic”, i.e. the subalgebras corresponding to
all boundary points of T are Bethe subalgebras in the Yangians of some Levi subalgebras
(Proposition 5.3). For g “ sln this gives a new proof for [8, Theorem 5.3.1] describing limit
Bethe subalgebras in the Yangian of sln as the parameter goes to the infinity.
1.4. RTT -presentaton of the Yangian. The most convenient way to define Bethe subal-
gebras is the R-matrix (or RTT ) presentation of the Yangian which determines Y pgq as the
algebra generated by the evaluation of the universalR-matrix on some particular representation,
modulo quadratic relations which follow from the Yang-Baxters equation.
We follow the recent paper of Wendlandt [18] where the description RTT presentation of
Y pgq for any non-trivial representation V is given. For our purpose we take V “
À
V pωi, 0q,
the direct sum of the fundamental representations V pωi, 0q of Y pgq. In this presentation Bethe
subalgebras are generated by the traces of the T -matrix in all fundamental representations, i.e.
the generators of a Bethe subalgebra are just linear combinations of the generators of Y pgq.
Our main tool for proving Theorem 5.7 is the presentation of the Yangian of a Levi subalgebra
in terms of this RTT presentation (Proposition 3.3).
1.5. The paper is organized as follows. In Section 2 we recall some known facts about
Yangians and prove some technical propositions. In Section 3 we define an embedding of the
Yangian of a Levi subalgebra to the Yangian of g in the RTT presentation. In Section 4 we
define Bethe subalgebras, describe their classical limits and prove that they are free polynomial
algebras for any regular value of the parameter. In Section 5 we define Bethe subalgebras
corresponding to boundary points in G and describe these subalgebras for a Zariski open subset
of any stratum of G. In Section 6 we compare our construction in the case g “ sln with that of
[8].
1.6. Acknowledgements. We thank the referees for the careful reading of the first version of
the text and for many helpful remarks. This research was carried out within the HSE University
Basic Research Program and funded by the Russian Academic Excellence Project ’5-100’. The
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2. Three realizations of the Yangian
2.1. Notation. Let g be a simple Lie algebra over C of rank n, G˜ the corresponding connected
simply-connected group, G “ G˜{ZpG˜q the adjoint form of a group, ∆ “ tα1, . . . , αnu the set of
simple roots of g, Φ` the set of positive roots, Φ the set of all roots, tωi | i “ 1, . . . , nu the set
of fundamental weights. Let ei, fi, i P ∆ be the standard Chevalley generators of g.
We normalize the invariant scalar product on g such that pαi, αiq “ 2 for short simple roots.
By tωi we denote the element in h » h
˚ which corresponds to ωi by means of this scalar product.
Similarly, we denote by hi the element corresponds to αi. Let di “ pαi, αiq{2. Note that tωi
and 1
di
hi are dual bases of h with respect to the invariant scalar product.
For any α P Φ`, let x`α and x
´
α be the elements in the corresponding root spaces of g such
that px`α , x
´
α q “ 1. Note that x
`
αi
“ ´d
1{2
i ei, x
´
αi
“ ´d
1{2
i fi.
We define the Casimir elements by
c “
ÿ
αPΦ`
px`αx
´
α ` x
´
αx
`
α q `
1
di
ÿ
i
tωihi P Upgq,
Ω “
ÿ
αPΦ`
px`α b x
´
α ` x
´
α b x
`
α q `
1
di
ÿ
i
tωi b hi P gb g.
Note that the Casimir element can be represented as Ω “
ř
a xabx
a, where xa and x
a are any
dual bases of the Lie algebra g.
Definition 2.2. The Yangian Y pgq is a unital associative algebra over C generated by the
elements tx, Jpxq |x P gu with the following defining relations:
xy ´ yx “ rx, ys, Jprx, ysq “ rJpxq, ys,
Jpcx` dyq “ cJpxq ` dJpyq,
rJpxq, rJpyq, zss ´ rx, rJpyq, Jpzqss “
ÿ
λ,µ,νPΛ
prx, xλs, rry, xµs, rz, xνssqtxλ, xµ, xνu,
rrJpxq, Jpyqs, rz, Jpwqss ` rrJpzq, Jpwqs, rx, Jpyqss “
“
ÿ
λ,µ,νPΛ
pprx, xλs, rry, xµs, rrz, ws, xνssq ` prz, xλs, rrw, xµs, rrx, ys, xνssqq txλ, xµ, Jpxνqu
for all x, y, z, w P g and c, d P C, where txλuλPΛ is some orthonormal basis of g, tx1, x2, x3u “
1
24
ř
piPS3
xpip1qxpip2qxpip3q for all x1, x2, x3 P Y pgq.
Note that in the case g fi sl2 the last relation can be omitted.
Definition 2.3. The Yangian Ynewpgq is a unital associative algebra over C generated by ele-
ments te
prq
i , f
prq
i , h
prq
i | i “ 1, . . . , n; r ě 1u with the following defining relations:
rh
psq
i , h
psq
j s “ 0,
re
prq
i , f
psq
j s “ δijh
pr`s´1q
i ,
rh
p1q
i , e
psq
j s “ pαi, αjqe
psq
j ,
rh
pr`1q
i , e
psq
j s ´ rh
prq
i , e
ps`1q
j s “
pαi, αjq
2
ph
prq
i e
psq
j ` e
psq
j h
prq
i q,
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rh
p1q
i , f
psq
j s “ ´pαi, αjqf
psq
j ,
rh
pr`1q
i , f
psq
j s ´ rh
prq
i , f
ps`1q
j s “ ´
pαi, αjq
2
ph
prq
i f
psq
j ` f
psq
j h
prq
i q,
re
pr`1q
i , e
psq
j s ´ re
prq
i , e
ps`1q
j s “
pαi, αjq
2
pe
prq
i e
psq
j ` e
psq
j e
prq
i q,
rf
pr`1q
i , f
psq
j s ´ rf
prq
i , f
ps`1q
j s “ ´
pαi, αjq
2
pf
prq
i f
psq
j ` f
psq
j f
prq
i q,
i ‰ j,N “ 1´ aij ñ symre
pr1q
i , re
pr2q
i , ¨ ¨ ¨ re
prNq
i , e
psq
j s ¨ ¨ ¨ ss “ 0
i ‰ j,N “ 1´ aij ñ symrf
pr1q
i , rf
pr2q
i , ¨ ¨ ¨ rf
prNq
i , f
psq
j s ¨ ¨ ¨ ss “ 0
We will need the following elements of Ynewpgq:
eprqαi “ e
prq
i
re
prq
αˆ , e
p1q
αˇ s “ e
prq
α
f prqαi “ f
prq
i
rf
prq
αˆ , f
p1q
αˇ s “ f
prq
α
Here αˇ is the smallest simple root such that αˆ “ α´ αˇ is again a positive root.
Theorem 2.4. ([9, Proposition 3.2]) Ordered monomials in the variables e
prq
α , h
prq
i , f
prq
α , with
α P Φ`, i P ∆, r P Zą0, form a PBW basis of Ynewpgq.
Remark 2.5. In the course of proving Theorem 2.4 it is easy to see that the set
e
p1q
i , f
p1q
i , h
p1q
i , h
p2q
i , i “ 1, . . . , n
generates Ynewpgq.
Following Drinfeld [3] we call the subalgebra H Ă Y pgq generated by all h
prq
i , 1 ď i ď
n, 1 ď r the Cartan subalgebra. We will need the following maximality property of the Cartan
subalgebra:
Proposition 2.6. The centralizer of the set th
p2q
i | i “ 1, . . . , nu is H. In particular, H is a
maximal commutative subalgebra of Ynewpgq.
Proof. We have to show that everything commuting with h
p2q
i , i “ 1, . . . , n, belongs to H . Any
element of Y
prq
new can be represented as a sum of monomials in e
prq
α , h
prq
i , f
prq
α “ e
prq
´α. Consider the
lexicographic order on the monomials determined by the following order on the PBW generators:
h
prq
i ă h
psq
j if r ă s or r “ s and i ă j; h
prq
i ă e
psq
j and h
prq
i ă f
psq
j for all i, j, r, s; e
prq
α ă e
psq
β
if r ă s or r “ s and α ă β (for some order on Φ). Suppose there is an element A P Ynewpgq
which commutes with all h
p2q
i and does not belong to H . Let e
prq
α be maximal divisor of the
leading monomial lmpAq of A, and let i be such that pαi, αq ‰ 0. Then the leading monomial
of rh
p2q
i , lmpAqs is divisible by e
pr`1q
α while the other monomials of rh
p2q
i , As are not. Hence the
leading monomial cannot be canceled, so the commutator is not zero. 
Theorem 2.7. ([7]) There is an isomorphism φ : Ynewpgq Ñ Y pgq such that
φph
p1q
i q “ hi, φph
p2q
i q “ Jphiq ´ vi,
φpe
p1q
i q “ xα`
i
, φpe
p2q
i q “ Jpx
`
αi
q ´ w`i ,
φpf
p1q
i q “ xα´
i
, φpf
p2q
i q “ Jpx
´
αi
q ´ w´i .
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Here
vi “
1
4
ÿ
αPΦ`
pα, αiqtx
`
α , x
´
α u ´
1
2
h2i ,
w˘i “ ˘
1
4
ÿ
αPΦ`
trx˘i , x
˘
α s, x
¯
α u ´
1
4
tx˘i , hiu,
txα, x´αu “ xαx´α ` x´αxα.
Throughout the paper the Yangian Y pgq is identified with Ynewpgq via the isomorphism of
Theorem 2.7.
Following Wendlandt [18] we will consider the RTT Yangian YV pgq for the Lie algebra g,
where V “
À
i V pωi, 0q is the sum of the fundamental representations of the Yangian Y pgq.
More precisely, let λ “ tλi,r | i “ 1, . . . , n, r ě 0, λi,r P Cu be a set of complex numbers, V
be a representation of Y pgq. Then the λ-weight space is by definition the subspace of V
tv P V |h
prq
i v “ λi,rv for all i, ru.
The Y pgq-module called highest weight module, if there exist w P V such that e
prq
i ¨w “ 0 for all
i, r and V “ Y pgq ¨w. Using the technique of Verma modules one can construct the irreducible
module V pλq of the highest weight λ. The following theorem is well-known.
Theorem 2.8. The irreducible Y pgq-module V pλq is finite dimensional iff there exist polyno-
mials Pipuq P Crus such that
Pipu` diq
Pipuq
“ 1`
8ÿ
r“0
λi,ru
´r´1
in the sense that the right-hand side is the Laurent expansion of the left-hand side at u “ 8.
Definition 2.9. A finite dimensional irreducible Y pgq-module is called fundamental if the as-
sociated polynomials are given by
Pjpuq “
#
1, j ‰ i,
u´ a, j “ i,
for some i “ 1, . . . n. We denote it by V pωi, aq.
We consider the representation V “
À
i V pωi, 0q of Y pgq. Let ρ : Y pgq Ñ End pV q be the
homomorphism corresponding to this representation.
Note that the restriction of V pωi, 0q to g decomposes as
V pωi, 0q “ Vωi ‘
à
µăωi
V ‘kµµ
Here Vµ is the irreducible representation of g of highest weight µ and µ ă ωi means that ωi´µ
is a sum of positive roots.
There is the unique formal series Rˆpuq P pY pgq b Y pgqqrru´1ss with certain properties called
the universal R-matrix. For the definition, see [18, Theorem 3.4]. Let Rpuq “ pρ b ρqRˆp´uq.
We fix a basis of V and regard Rpuq P End pV qb2rru´1ss as a matrix in this basis.
Definition 2.10. The extended Yangian XV pgq is a unital associative algebra generated by the
elements t
prq
ij , 1 ď i, j ď dimV ; r ě 1 with the defining relations
Rpu´ vqT1puqT2pvq “ T2pvqT1puqRpu´ vq in End pV q
b2 bXV pgqrru
´1, v´1ss.
Here
T puq “ rtijpuqsi,j“1,...,dimV P EndV bXV pgq,
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tijpuq “ δij `
ÿ
r
t
prq
ij u
´r
and T1puq (resp. T2puq) is the image of T puq in the first (resp. second) copy of EndV .
Definition 2.11. The Yangian YV pgq is a unital associative algebra generated by the elements
t
prq
ij , 1 ď i, j ď dimV ; r ě 1 with the defining relations
Rpu´ vqT1puqT2pvq “ T2pvqT1puqRpu´ vq in End pV q
b2 b YV pgqrru
´1, v´1ss,
S2pT puqq “ T pu`
1
2
cgq,
where SpT puqq “ T puq´1 is the antipode map and cg is the value of the Casimir element of g
on the adjoint representation.
Theorem 2.12. (see [18]) There is an isomorphism ψ : YV pgq Ñ Y pgq such that
ψ : T puq ÞÑ pρb 1qRˆp´uq.
Theorem 2.13. (see [18, Theorem 7.3]) Extended Yangian XV pgq is isomorphic to the tensor
product YV pgq b Crx
prq
1
, . . . , x
prq
k s where r P Zą0, k “ dimEnd Y pgqV .
Remark. According to [18], to define the RTT Yangian YV pgq, one can use any finite-dimensional
representation V of Y pgq which is not a sum of trivial representations, and Theorems 2.12 and
2.13 are still valid.
2.14. The algebra OpG1rrt
´1ssq. Note that since G is a complex simple Lie group, both G
and G˜ are complex algebraic groups.
Definition 2.15. Let V be a representation of G˜, w P V, β P V ˚. The matrix entry is the
function on G˜ given by ∆β,wpgq “ βpg ¨ wq.
According to Peter–Weyl theorem, the ring OpG˜q is spanned by matrix entries of all irre-
ducible finite dimensional representations of G˜.
Let G1rrt
´1ss be the first congruence subgroup of the group Grrt´1ss of Crrtss-points of G,
i.e. the kernel of the homomorphism Grrt´1ss Ñ G. Note that G1rrt
´1ss depends only on
the formal neighborhood of e P G. In particular the map G˜ Ñ G induces an isomorphism
G˜1rrt
´1ssÑ˜G1rrt
´1ss .
Let OpG1rrt
´1ssq be the ring of complex valued (polynomial) functions on G1rrt
´1ss. From
Peter-Weyl Theorem we see that the ring OpG1rrt
´1ssq is generated by Fourier components of
the corresponding matrix entries of G1rrt
´1ssq. More precisely, let V be a representation of G˜.
To any w P V and β P V ˚ we assign the C-valued functions ∆
psq
β,w on G1rrt
´1ss determined as
xβ, gptq ¨ wy “ 1`
8ř
s“1
∆
psq
β,wpgptqqt
´s. Then the elements ∆
psq
β,w generate OpG1rrt
´1ssq.
2.16. Filtration on Ynewpgq. We define a filtration on Ynewpgq by
deg eprqα “ deg f
prq
α “ deg h
prq
i “ r.
By Y
prq
new we denote the r-th filtered component of Ynewpgq. Note that from Theorem 2.4 it
follows that this is indeed a filtration and grYnewpgq is commutative.
Let vi be the highest weight vector in Vωi and wi “ fivi be the “pre-highest” weight vector.
Note that vi and wi are unique up to proportionality since the corresponding weight spaces
are one-dimensional. Let v˚i , w
˚
i P V
˚
ωi
be the weight elements such that xv˚i , viy “ 1 and
xw˚i , wiy “ 1. Consider Vωi as a representation of G˜. Following [9], we define ∆ωi,ωipuq :“
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∆v˚
i
,vi
puq, ∆ωi,siωipuq :“ ∆w˚
i
,vi
puq and ∆siωi,ωipuq :“ ∆v˚
i
,wi
puq. We consider the following
generating series
Hipuq “ 1`
ÿ
rě1
h
prq
i u
´r, Fipuq “
ÿ
rě1
f
prq
i u
´r, Eipuq “
ÿ
rě1
e
prq
i u
´r P Ynewpgqrru
´1ss.
Theorem 2.17. ([5, Theorem 5.13], [9]) There is an isomorphism of Poisson algebras θ :
grYnewpgq » OpG1rrt
´1ssq such that
θpHipuqq “
ź
j
∆ωj ,ωj puq
´aji
θpFipuqq “ d
´1{2
i
∆ωi,siωipuq
∆ωi,ωipuq
θpEipuqq “ d
´1{2
i
∆siωi,ωipuq
∆ωi,ωipuq
Corollary 2.18. The Poisson algebra OpG1rrt
´1ssq is generated by ∆
p1q
ωi,ωi , ∆
p1q
ωi,siωi , ∆
p1q
siωi,ωi
and ∆
p2q
ωi,ωi . Here superscripts p1q and p2q indicate taking the coefficients at u
´1 and u´2 in the
formal power series expansion.
Proof. Indeed, according to the Theorem 2.17, the images of Drinfeld’s new generators h
p1q
i ,
e
p1q
i , f
p1q
i under θ are linear combinations of ∆
p1q
ωj ,ωj , ∆
p1q
ωj ,sjωj , ∆
p1q
sjωj ,ωj . Moreover, θph
p2q
i q is a
linear combination of ∆
p2q
ωj ,ωj plus a quadratic-linear expression of ∆
p1q
ωj ,ωj . On the other hand,
according to Remark 2.5 the images of h
p1q
i , e
p1q
i , f
p1q
i and h
p2q
i in grYnewpgq generate it as a
Poisson algebra. 
2.19. Filtration on YV pgq. Let us define a filtration on YV pgq setting
deg t
prq
ij “ r.
By Y
prq
V we denote the r-th filtered component of YV pgq. It is easy to see that grYV pgq with
respect to this grading is commutative.
Recall that the Casimir element can be represented as Ω “
ř
a xab x
a, where xa and x
a are
some dual bases of the Lie algebra g. Let ei, i “ 1, . . . , dimV and e
˚
i , i “ 1, . . . , dimV be an
arbitrary basis of V and V ˚ respectively. Let β “
ř
aie
˚
i , w “
ř
bjej and put by definition
tβ,wpuq “
ÿ
i
ÿ
j
aibjtijpuq.
By definition, put
Ωρ “ pρb ρqΩ
Recall that Rpuq “ Id´ Ωρu
´1 `
ř
kě2 R
pkqu´k.
Lemma 2.20. grYV pgq is a Poisson algebra with the Poisson structure defined by the following
formula
ttβ1v1puq, tβ2v2pvqu “
1
v ´ u
ÿ
a
ptβ1,xav1puqtβ2,xav2pvq ´ txaβ1,v1puqtxaβ2,v2pvqq
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Proof. Let us rewrite the defining RTT relations in the following way:
rT1puq, T2pvqs “
1
u´ v
pΩρT1puqT2pvq ´ T2pvqT1puqΩρq
`
ÿ
kě2
1
pu´ vqk
´
T2pvqT1puqR
pkq ´RpkqT1puqT2pvq
¯
.
Note that only the first summand gives a nonzero contribution into the Poisson bracket. Com-
paring the evaluation of LHS and RHS on β1, v1, β2, v2 we get the assertion. 
2.21. Relation between two filtrations on Y pgq. Let us fix ωi and choose a basis of Vωi such
that first basis vector is vi and second is wi. We use the notation t
p1q
11
“ t
p1q
v˚
i
vi
, t
p1q
12
“ t
p1q
v˚
i
wi
, t
p1q
21
“
t
p1q
w˚
i
vi
, t
p2q
11
“ t
p2q
v˚
i
vi
in what follows. Slightly abusing notations, we denote the symbols of t
prq
ij
in the associated graded grYV pgq by the same letters t
prq
ij . Here again superscripts p1q and p2q
indicate taking the coefficient at u´1 and u´2 in the power series tijpuq. We denote ∆ωi,ωipuq
by ∆11puq, ∆ωi,siωipuq by ∆12puq and ∆siωi,ωipuq by ∆21puq.
Lemma 2.22. For any ωi the images of t
p1q
11
, t
p1q
12
, t
p1q
21
, t
p2q
11
under the map gr pφ´1 ˝ ψq in
grYnewpgq are ∆
p1q
11
,∆
p1q
12
,∆
p1q
21
,∆
p2q
11
respectively.
Proof. We compute the composition φ´1 ˝ ψ, see Theorem 2.7 and Theorem 2.12.
Firstly, t
p1q
11
maps to the coefficient of u´1 in the in the p1, 1q-th entry of pρ b 1qRˆp´uq i.e.
to the p1, 1q-th entry of
´
ÿ
αPΦ
ρpx`α q b x
´
α ´
ÿ
i
1
di
ρphiq b tωi P End pV q b Y pgq
We see that t
p1q
11
goes to ´t
p1q
ωi . Here t
p1q
ωi “
ř
j bijh
p1q
j and pbjiqi,j“1,...,n are the coefficients of
matrix inverse to Cartan matrix.
Secondly, t
p1q
12
maps to the coefficient of u´1 in the p1, 2q-th entry in pρ b 1qRˆp´uq, i.e. to
the p1, 2q-th entry of
´
ÿ
αPΦ`
ρpx`α q b x
´
α ´
ÿ
αPΦ`
ρpx´α q b x
`
α ´
1
di
ÿ
i
ρphiq b tωi P End pV q b Y pgq
We see that t
p1q
12
maps to d
1{2
i x
´
αi
“ d
1{2
i f
p1q
i . (Here we use the fact that the representation of
sl2 “ tei, fi,
1
di
hiu generated from the highest vector is 2-dimensional). Similarly, t
p1q
21
maps to
x`αi “ d
1{2
i e
p1q
i .
Consider the element t
p2q
11
. According to the expression of the second Fourier coefficient of
Rˆp´uq (see Theorem 3 of [2] and Theorem 3.4 of [18]) t
p2q
11
maps to the p1, 1q entry of
(1) ´
ÿ
λPΦ`
pρpx˘α qbJpx
¯
α q´ρpJpx
˘
α qqbx
¯
α q´
1
di
nÿ
i“1
pρphiqbJptωiq´ρpJphiqqbtωiq`
1
2
pρb1qΩ2
which is, up to degree 1 terms,
´Jptωiq `
1
2
ÿ
αPΦ`
ωiphαqx
´
αx
`
α `
1
2
t2ωi “
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“ ´
ÿ
j
bijh
p2q
j ´
1
4
ÿ
j
˜
bij
˜ ÿ
αPΦ`
pα, αjqpx
`
αx
´
α ` x
´
αx
`
α q
¸
´ 2bijph
p1q
j q
2
¸
`
`
1
2
ÿ
αPΦ`
ÿ
j
bijpα, αjqx
´
αx
`
α `
1
2
t2ωi
Hence up to degree 1 terms we have
t
p2q
11
ÞÑ ´
ÿ
j
bijh
p2q
j `
1
2
ÿ
j
bijph
p1q
j q
2 `
1
2
˜ÿ
j
bijh
p1q
j
¸2
“
“ ´
ÿ
j
bijh
p2q
j `
ÿ
j
bijpbij ` 1q
2
ph
p1q
j q
2 `
ÿ
j,l
bijbilh
p1q
j h
p1q
l
By Theorem 2.17 the latter is ∆
p2q
11
, so we see that t
p2q
11
goes to ∆
p2q
11
.

Proposition 2.23. The Yangian YV pgq is generated by t
p1q
11
, t
p1q
12
, t
p1q
21
, t
p2q
11
for all ωi.
Proof. This follows from the proof of the previous Lemma and the fact that Ynewpgq is generated
by e
p1q
i , f
p1q
i , h
p1q
i , h
p2q
i , i “ 1, . . . , n. 
Proposition 2.24. φ´1 ˝ ψ : YV pgq Ñ Ynewpgq is an isomorphism of filtered algebras.
Proof. The strategy of proof is as follows: first, we prove the easy part of PBW theorem, that
is dimY
prq
V ď dimY
prq
new . Next, we show that the isomorphism of Theorem 2.12 is a filtered
algebra homomorphism and is surjective on filtered components.
Following [18] let us decompose EndV as a representation of g:
EndV “ g‘ E‘ Ec ‘ F.
Here g is the copy of g in EndV corresponding to the g-action on V , E “ End Y pgqV Ă End gV “
E ‘ Ec. Ec is a g-invariant complement to E in End gV and F is a g-invariant complement to
g ‘ End gV in EndV . We put Z “ E ‘ Ec. Denote by T
prq the subspace spanned by all
t
prq
ij P YV pgq. Note that as there is an isomorphism of vector spaces T
prq » EndV such that the
r-rh component of T puq, T prq “
ř
ij t
prq
ij b eij , is the identity operator in End pV q b End pV q
(here we use the isomorphism EndV » pEndV q˚). Hence we have the decomposition Tprq “
gprq ` Zprq ` Fprq. This gives
Y
prq
V “ g
prq ` Zprq ` Fprq ` expressions of degree ď r in elements of Y
pr´1q
V .
It follows from [18, Theorem 6.5] that Y
p1q
V “ g
p1q » g. It follows from the defining relations
that there is a surjective homomorphism Tp1q Ñ Tprq as gp1q-modules for any r ě 1. Therefore,
from rgp1q,Fp1qs “ Fp1q it follows that rgp1q,Fprqs “ Fprq.
We claim that rgp1q,Fprqs “ Fprq Ă Y
pr´1q
V . Indeed, T
prq corresponds to the identity element
in Tprq b EndV . Hence
T prq P gprq b g` Zprq b Z` Fprq b F.
Observe that
rF
prq
1
, g
p1q
2
s “ rΩρ,F
prq
2
s ` smaller degree terms.
Using the same argument as in [18, Lemma 4.2] we get rgp1q,Fprqs “ Fprq Ă Y
pr´1q
V .
Now we claim that Ec “ 0 in our associated graded algebra. It follows from relation [18,
(5.10)] (which is still true for our filtration) and from [18, Lemma 4.13]. From [18, Proposition
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5.6] it follows, that the elements of degree r from E can be represented as sums of monomials in
t
pkq
ij with k ă r of total degree non-greater than r. Finally we conclude that ordered monomials
in gprq, r ě 1 span YV pgq therefore dimY
prq
V ď dimY
prq
new .
From the proof of previous proposition we know that t
p1q
11
ÞÑ ´t
p1q
ωi , t
p1q
12
ÞÑ ´e
p1q
αi , t
p1q
21
ÞÑ ´f
p1q
αi .
Note that these elements generate Y
p1q
new, consequently we have a surjective homomorphism from
Y
p1q
V to Y
p1q
new . Define t
p2q
ωi “
ř
j ajih
p2q
i . We know that
t
p2q
11
ÞÑ tp2qωi ` quadratic-linear expression in Y
p1q
new .
Hence for any i, the element t
p2q
ωi is in the image of Y
p2q
V , so the same is true for h
p2q
i . Note
that one can obtain the whole Y
p2q
new from h
p2q
i and e
p1q
i , f
p1q
i by using commutators. On the
other hand we know also that the degree of a commutator of elements of degrees p and q is not
greater than p` q´ 1 (both in YV and Ynew) hence Y
p2q
V maps to Y
p2q
new surjectively. Comparing
the dimensions we see that it is in fact and isomorphism. Proceeding by induction by taking
commutator with h
p2q
i on each step we obtain the result. 
Corollary 2.25. grYV pgq “ grYnewpgq “ OpG1rrt
´1ssq.
Proposition 2.26. We have grφ´1 ˝ ψpt
prq
β,wq “ ∆
prq
β,w in grYnewpgq “ OpG1rrt
´1ssq.
Proof. From Lemma 2.20 and [9, Proposition 2.13] we see that the Poisson bracket of t
prq
β,v in
grYV pgq is given by the same formulas as that of ∆
prq
β,w in OpG1rrt
´1ssq. Moreover, from Lemma
2.22 we see that the assertion of the Proposition is true for the first and second Fourier com-
ponents of the matrix elements corresponding to the highest and pre-highest vectors. Namely,
we have
φ´1 ˝ ψpt
p1q
v˚
i
,vi
q “ ∆
p1q
v˚
i
,vi
;
φ´1 ˝ ψpt
p1q
v˚
i
,wi
q “ ∆
p1q
v˚
i
,wi
;
φ´1 ˝ ψpt
p1q
w˚
i
,vi
q “ ∆
p1q
w˚
i
,vi
;
φ´1 ˝ ψpt
p2q
v˚
i
,vi
q “ ∆
p2q
v˚
i
,vi
.
On the other hand by Corollary 2.18 the elements ∆
p1q
v˚
i
,vi
, ∆
p1q
v˚
i
,wi
, ∆
p1q
w˚
i
,vi
and ∆
p2q
v˚
i
,vi
generate
grYnewpgq, so we are done. 
2.27. ABC generators. The following Lemma is from [6].
Lemma 2.28. Any generation series Hipuq can be represented in the following form
Hipuq “
ś
s‰i
´asiś
r“1
As
`
u´ 1
2
pαi ` rαs, αsq
˘
AipuqAipu ´
1
2
pαi, αiqq
,
where Aipuq, i “ 1, . . . , n are formal series Aipuq “ 1`
8ř
r“1
a
prq
i u
´r.
We define
Bipuq “ d
1{2
i AipuqEipuq “
8ÿ
r“1
b
prq
i u
´r,
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Cipuq “ d
1{2
i FipuqAipuq “
8ÿ
r“1
c
prq
i u
´r.
According to [6] we have
rAjpuq, Bipvqs “ δij
di
u´ v
pBipuqAipvq ´BipvqAipuqq(2)
rAjpuq, Cipvqs “ δij
di
u´ v
pCipuqAipvq ´ CipvqAipuqq ,(3)
We refer the reader to [6] for more details on Aipuq, Bipuq, Cipuq.
We have the following non-commutative analog of Lemma 2.26.
Proposition 2.29. For any ωi we have
φ´1 ˝ ψpt11puqq “ Aipuq,
φ´1 ˝ ψpt12puqq “ Bipuq,
φ´1 ˝ ψpt21puqq “ Cipuq.
Proof. We have
t
p1q
11
ÞÑ a
p1q
i , t
p1q
12
ÞÑ b
p1q
i , t
p1q
21
ÞÑ c
p1q
i .
Now let us compute the image of t
p2q
11
by taking into account the degree 1 terms in the compu-
tation of Lemma 2.22. From (1) and Theorem 2.7 we have
φ´1 ˝ ψpt
p2q
11
q “ ´
ÿ
j
bijh
p2q
j ´
1
4
ÿ
j
˜
bij
˜ ÿ
αPΦ`
pα, αjqpx
`
αx
´
α ` x
´
αx
`
α q
¸
´ 2bijph
p1q
j q
2
¸
`
`p
1
4
ÿ
αPΦ`
pα, αiqpα, ωiq `
1
2
diqtωi `
1
2
ÿ
αPΦ`
ÿ
j
bijpα, αjqx
´
αx
`
α `
1
2
t2ωi “
“ ´
ÿ
j
bijh
p2q
j ´
1
4
ÿ
j
bij
˜ ÿ
αPΦ`
pα, αjqpx
`
αx
´
α ´ x
´
αx
`
α q
¸
`
ÿ
j
2bijph
p1q
j q
2 `
1
2
t2ωi “
“ ´
ÿ
j
bijh
p2q
j ´
h_
4
tωi `
ÿ
j
2bijph
p1q
j q
2 ` p
h_
4
`
1
2
diqtωi `
1
2
t2ωi “
“ ´
ÿ
j
bijh
p2q
j `
ÿ
j
2bijph
p1q
j q
2 `
1
2
ditωi `
1
2
t2ωi .
Here h_ P Zą0 is the dual Coxeter number of g. Note that the element φ
´1 ˝ ψpt
p2q
11
q satisfies
the commutation relation
rφ´1 ˝ ψpt
p2q
11
q, b
p1q
j s “ ´δijdib
p2q
i ,
and it is the only element from the Cartan subalgebra H with this property is a
p2q
i . Hence we
have
t
p2q
11
ÞÑ a
p2q
i .
The commutation relations between t11puq and t12pvq (resp. t21pvq) are the same as between
Aipuq and Bipvq (resp. Cipvq). Using induction on r by taking commutator with a
p2q
i on
each step we prove that t
prq
12
and t
prq
21
go to the r-th coefficients of the series Bipuq and Cipuq,
respectively.
Now it remains to show that t
prq
11
maps to the r-th Fourier coefficient of Aipuq. The image
of t11puq lies in the Cartan subalgebra H , see Proposition 2.6. Moreover, we have rφ
´1 ˝
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ψpt11puqq, b
p1q
i s “ δijBipuq. Since HX
Ş
i
´
ker ad b
p1q
i
¯
“ t0u, this implies that φ´1 ˝ψpt11puqq “
Aipuq.

In [10] the authors define the elements Tβ,wpuq P Ynewpgqrru
´1ss which are uniquely deter-
mined by the following property Tvi,vipuq “ Aipuq and
rb
p1q
j , Tβ,γpuqs “ Tx´αjβ,γ
puq ´ T
β,x
`
αj
γ
puq
rc
p1q
j , Tβ,γpuqs “ Tx`αjβ,γ
puq ´ Tβ,x´αjγ
puq
for all i, j P t1, . . . , nu. We have the following corollary from Proposition 2.29
Corollary 2.30. φ´1 ˝ ψptβ,wpuqq “ Tβ,wpuq.
3. Yangian of Levi subalgebra
Let Q be the Dynkin diagram of g. To any Dynkin subdiagram I Ă Q we assign a Levi
subalgebra l generated by the Cartan subalgebra and the simple root elements corresponding
to I. Denote by Φ`I the corresponding set of positive roots. It is easy to see that l is a reductive
Lie algebra. We denote by gI the semisimple part of l, i.e. gI “ rl, ls.
We define the Yangian of l as the subalgebra of Ynewpgq generated by e
prq
i , f
prq
i for i P I, r P
Zě0 and h
prq
i , r ě 1, i “ 1, . . . , n. We denote this subalgebra Ynewplq.
Proposition 3.1. Ynewplq is the tensor product YnewpgIqbCra
prq
j sjP∆zI,rPZą0 such that deg a
prq
j “
r.
Proof. Indeed, we can replace the generatorsHjpuq by Ajpuq. The Fourier coefficients of Ajpuq,
j P ∆zI commute with e
prq
i , f
prq
i for all i P I. 
Let us describe the Yangian of l in the RTT -realization i.e. as a subalgebra YV plq Ă YV pgq.
Note that l “ zgpxq for x “
ř
jP∆zI a
p1q
j and x is a central element of Ynewplq. Using the element
x one can decompose V into the sum of Ynewplq-submodules V “ VI ‘W in the following way.
Let λ be the eigenvalue of x on the highest vector vi of V pωi, 0q . Let V
i
I be the eigenspace
of x with the eigenvalue λ. Note that V iI Ă V pωi, 0q is the subrepresentation generated by
Ynewplq from the highest vector of V pωi, 0q: indeed, V pωi, 0q is generated from the highest
vector vi by the action of the lowering operators f
prq
α , so, since αpxq ě 0 for any α P Φ`
and rx, f
prq
α s “ ´αpxqf
prq
α , the eigenvalues of x on V pωi, 0q belong to λ ´ Zě0. Moreover, the
eigenvalue λ is reached only on Ynewplqvi, since αpxq ą 0 for any α P Φ
`zΦ`I . Clearly, V
i
I is a
direct summand in V pωi, 0q i.e. we have a decomposition V pωi, 0q “ V
i
I ‘Wi as Ynewplq-modules.
We put VI “ ‘iV
i
I and W “ ‘iWi.
Proposition 3.2. V iI for i P I is the fundamental representation VIpωi, 0q of Ynewprl, lsq.
Proof. Note that the highest weight for V iI is the same as that for VIpωi, 0q. Hence it is suffices
to prove that V iI is irreducible i.e. there are no singular vectors in V
i
I except the highest vector.
Note that for any w P V iI and j P ∆zI we have Ejpuqw “ 0, so any singular vector in V
i
I with
respect to Ynewprl, lsq is in fact a singular vector of V pωi, 0q with respect to Ynewpgq. 
Let us define YV plq as the subalgebra of YV pgq generated by all Fourier components of all
matrix elements tβ,vpuq with v P VI , β PW
K “ V ˚I .
Proposition 3.3. The image of YV plq in Ynewpgq is Ynewplq.
BETHE SUBALGEBRAS IN YANGIANS AND THE WONDERFUL COMPACTIFICATION 13
Proof. Firstly, we prove that YV plq » pYVI pgIq bZq{J , where Z is the center of XVI pgIq and J
is some ideal.
Each irreducible component U of VI b VI is stable under R “ pρb ρqRˆp´uq. Moreover, for
any U the operator R is a solution of the equation [18, (3.13)] for U b U , therefore from [7,
Theorem 3.10] it follows that R up to multiplication to fU puq P Crru
´1ss is pρI b ρIqR˜p´uq,
where R˜puq is the universal R-matrix for Y pgIq. Hence we have
YV plq “ XVI pgIq{J “ pYVI pgIq b Zq{J.
Next, we claim that the image of YV plq contains Ynewplq. Indeed, from Proposition 2.22 we
know that the image contains e
p1q
i and f
p1q
i for i P I. Note that e
p1q
i , f
p1q
i together with H
generate Ynewplq. Therefore it is enough to prove that φ
´1 ˝ ψpYV plqq contains H .
Indeed, all t
prq
11
for different ωi commute. We know that the images of t
p1q
11
and t
p2q
11
under
φ´1 ˝ ψ belong to H . Then from Proposition 2.6 it follows that in fact φ´1 ˝ ψpt
prq
11
q P H .
Moreover, the images of t
prq
11
in grYV pgq are algebraically independent by Proposition 2.26.
Hence they generate H , therefore H lies in the image of YV plq. On the other hand, from
Proposition 2.23 it follows that the images of the generators of YVI pgIq belong to Ynewplq, hence
the image of YVI pgIq lies in Ynewplq. Moreover, the image of Z belongs to H , because H is a
maximal commutative subalgebra. Hence φ´1 ˝ ψpYV plqq “ Ynewplq. 
4. Bethe subalgebras
4.1. Definition of Bethe subalgebra. Let ρi : Y pgq Ñ EndV pωi, 0q be the i-th fundamental
representation of Y pgq. Let
pii : V Ñ V pωi, 0q
be the projection.
Let T ipuq “ piiT puqpii be the submatrix of T puq-matrix, corresponding to i-th fundamental
representation.
Definition 4.2. Let C P G˜. Bethe subalgebra BpCq Ă YV pgq is the subalgebra generated by all
Fourier coefficients of the following series with the coefficients in YV pgq
τipu,Cq “ tr V pωi,0qρipCqT
ipuq, 1 ď i ď n.
Proposition 4.3. The coefficients of τipu,Cq, i “ 1, . . . , n pairwise commute.
Proof. Let Rijpuq “ pρi b ρjqRˆpuq where Rˆpuq is the universal R-matrix as in Definition 2.10,
and ρi is the representation homomorphism corresponding to V pωi, 0q. Then
Rijpu´ vqT
i
1puqT
j
2
pvq “ T j
2
pvqT i1puqRijpu´ vq.
Moreover, we know that rρipCq b ρjpCq, Rijpu´ vqs “ 0, because Rijpu´ vq is a morphism
of G˜-modules.
Hence we have
ρipCq1T
i
1puqρjpCq2T
j
2
pvq “ Rijpu´ vq
´1ρipCq1T
j
2
puqρjpCq2T
i
1pvqRijpu ´ vq.
Taking the trace over V pωi, 0q b V pωj , 0q we get
τipu,Cqτjpv, Cq “ τjpv, Cqτipu,Cq.

Remark. Note that the Bethe subalgebra BpCq depends only on the class of C in G˜{ZpG˜q, so
in fact Bethe subalgebras are parameterized by G.
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Remark. We define a Bethe subalgebra for the Yangian of a reductive Lie algebra g as the
tensor product of Bethe subalgebra in YV prg, gsq and the center.
Remark. In the work [11, Section 5] Maulik and Okounkov define the Yangian YQ of a quiver
Q in the following way. We have a collection of vector spaces Fipuq which are the equivariant
cohomology spaces of the corresponding Nakajima quiver variety Mpwiq where wi is 1 at the i-th
vertex of Q and 0 at the others. The rational R-matrix Rijpu, vq P End pFipuqbFipvqq is defined
geometrically using the formalism of stable envelopes. The algebra YQ is generated by spaces
End pFipuq b Fipvqq modulo quadratic RTT relations determined by Rijpu, vq P End pFipuq b
Fipvqq in any tensor product Fipuq b Fjpvq. For Q of finite type corresponding to a simple Lie
algebra g, the spaces Fipuq are known to be V pωi, uq, the fundamental representations of Y pgq,
so the Yangian YQ is in fact XV pgq with V being the sum of fundamental representations. In
[11, Section 6.5] Maulik and Okounkov define commutative subalgebras in YQ, called Baxter
subalgebras, depending on an element of the maximal torus of the Lie algebra corresponding to
YQ. This definition coincides with our definition of Bethe subalgebras BpCq with C P T (more
precisely, our BpCq is the image of the corresponding Baxter subalgebra under the quotient
homomorphism from XV pgq to YV pgq).
4.4. Bethe subalgebras in OpG1rrt
´1ssq. Let tVωiu
n
i“1 be the set of all fundamental repre-
sentations of g. We also consider tVωiu
n
i“1 as a representations of the corresponding simply-
connected group G˜.
Definition 4.5. Let C P G˜. The Bethe subalgebra B¯pCq of OpG1rrt
´1ssq is the subalgebra
generated by of the coefficients of the following series:
σipu,Cq “ tr VωiρipCqρipgq “
ÿ
vPΛi
∆v,v˚pCgq “
8ÿ
r“0
ÿ
vPΛi
∆
psq
v,v˚
pCgqu´r,
where Λi is some basis of Vωi , g P G1rrt
´1ss.
Remark. Note, that one can define the same subalgebra as the one generated by such traces
for all finite-dimensional representations of G.
Proposition 4.6. For regular C P G˜, the Fourier coefficients of σipu,Cq are algebraically
independent.
Proof. Denote by σipCq
prq the coefficient of u´r in σipCq. It is enough to prove that differentials
of all σipCq
prq at a certain point of G1rrt
´1ss are linearly independent. Note that differential
of σipCq
prq at the point e P G1rrt
´1ss is naturally a linear functional on the tangent space
TeG1rrt
´1ss “ t´1grrt´1ss.
Let χωi P OpG˜q be the character of the G˜-module Vωi . We identify the tangent space TC´1G˜
with g “ TeG˜ by the left G˜-action. Then we have the following
Lemma 4.7. de σipCq
prqpxt´sq “ δr,sdC´1χωipxq for any x P g.
Proof. We have
deσipCq
prq “
ÿ
vPΛi
de∆
prq
v,v˚
pCqpxt´sq “ δr,str VωiρipCqρipxq “ δr,sdC´1χωipxq
for any x P g. 
On the other hand the differentials of the characters χωi at any regular point g P G˜ are
algebraically independent, see e.g. [15, Theorem 3, p.119] so we are done. 
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Proposition 4.8. We have grBpCq “ B¯pCq for regular C P G˜. In particular, B¯pCq is Poisson
commutative.
Proof. From Proposition 2.26 it follows that
gr τipu,Cq “ σipu,Cq ` traces for representations with highest weight µ ă ωi.
Any irreducible representation can be realized as the highest subrepresentation in some ten-
sor product of the fundamental representations. Therefore the subalgebra generated by all
gr τipu,Cq coincides with the subalgebra generated by σipu,Cq. Moreover, by Proposition 4.7
the coefficients of σipu,Cq are algebraically independent, hence grBpCq “ B˜pCq. 
Theorem 4.9. For any regular C P G˜, the subalgebra BpCq Ă Y pgq is a free polynomial algebra.
Moreover, the Poincare´ series of BpCq coincides with the Poincare´ series of H.
Proof. This follows from Proposition 4.8. 
4.10. Limits of Bethe subalgebras. Following [8] it is possible to construct new commutative
subalgebras as limits of Bethe subalgebras. We describe here what the ”limit” means. Let C be
an element of Greg. Consider BprqpCq :“ Y
prq
V XBpCq. We have proved that the images of the
coefficients of τ1pu,Cq, . . . , τnpu,Cq freely generate the subalgebra B¯pCq “ grBpCq Ă grYV pgq.
Hence the dimension dprq of BprqpCq does not depend on C. Therefore for any r ě 1 we
have a map θr from G
reg to
śr
i“1Grpdpiq, dim Y
piq
V q such that C ÞÑ pB
p1qpCq, . . . , BprqpCqq.
Here Grpdpiq, dim Y
piq
V q is the Grassmanian of subspaces of dimension dpiq of a vector space of
dimension dimY
piq
V . Denote the closure of θrpG
regq (with respect to Zariski topology) by Zr.
There are well-defined projections ζr : Zr Ñ Zr´1 for all r ě 1. The inverse limit Z “ limÐÝZr
is well-defined as a pro-algebraic scheme and is naturally a parameter space for some family of
commutative subalgebras which extends the family of Bethe subalgebras.
Indeed, any point z P Z is a sequence tzrurPN where zr P Zr such that ζrpzrq “ zr´1. Every
zr is a point in
śr
i“1Grpdpiq, dim Y
piq
V q i.e. a collection of subspaces B
piq
r pzq Ă Y
piq
V such that
B
piq
r pzq Ă B
pi`1q
r pzq for all i ă r. Since ζrpzrq “ zr´1 we have B
piq
r pzq “ B
pi´1q
r´1 pzq for all i ă r.
Let us define the subalgebra corresponding to z P Z as Bpzq :“
Ť8
r“1B
prq
r pzq.
Proposition 4.11. Bpzq is a commutative subalgebra in YV pgq with the same Poincare´ series
as BpCq for C P Greg. We call it a limit subalgebra.
Proof. Indeed, Bpzq is a commutative subalgebra because being a commutative subalgebra is
a Zariski-closed condition: we have BrpCq ¨ BspCq Ă Br`spCq for all C P G
reg for all r, s
and this product is commutative, hence we get the same for the product B
prq
r pzq ¨ B
psq
s pzq “
B
prq
r`spzq ¨B
psq
r`spzq Ă B
pr`sq
r`s pzq. 
5. Wonderful compactification and Bethe subalgebras.
5.1. Wonderful compactification. Following [4] we recall the construction of G, De-Concini
- Procesi wonderful compactification of the Lie group G. Let V be a representation of G˜. This
defines the map
GÑ PpEndV q.
If V “ Vλ ‘
À
µăλ Vµ and Vλ is irreducible of regular highest weight λ, then the closure of the
image of G in PpEndV q is a smooth projective variety called De-Concini - Procesi wonderful
compactification G. Note, that there is an action of GˆG on G by
pg1, g2q ¨ x “ g1xg
´1
2
.
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There is the following theorem about the orbit structure on G. To any I Ă ∆ one can assign
the pair of opposite parabolic subgroups PI , P
´
I and the Levi subgroup LI “ PI XP
´
I . Denote
by GI “ LI{ZpLIq. Denote by VI the LI-subrepresentation in V generated by the highest
vector of V . There is a natural embedding of PpEnd pVIqq Ñ PpEnd pV qq. The subgroup GI is
embedded into PpEnd pV qq by the map
GI Ñ PpEnd pV qq, g ÞÑ rg ˝ prI s,
where prI : V Ñ VI is the G˜-invariant projection.
Theorem 5.2. (see [4])
(1) The orbits of G ˆ G on G are in bijection with subsets of ∆. Let S0I be the orbit
corresponding to I Ă ∆ and SI be its closure. Then S
0
I Ă SJ if and only if I Ă J .
(2) The maps pG ˆGq ˆPIˆP´I
GI Ñ S
0
I , pg1, g2, xq ÞÑ g1xg
´1
2
and pGˆGq ˆPIˆP´I
GI Ñ
SI , pg1, g2, xq ÞÑ g1xg
´1
2
are isomorphisms of GˆG-varieties.
Note that the stratum S0I is a homogeneous bundle over G{PI ˆ G{P
´
I with the fiber GI .
Let
ϕ : S0I Ñ G{PI ˆG{P
´
I
be the projection. We identify G{PI with the set of parabolic subalgebras p Ă g conjugate to
pI . Similarly, G{P
´
I is the set of parabolic subalgebras p
´ Ă g conjugate to p´I . Note that
G{PI ˆG{P
´
I contains a unique open G-orbit.
A pair of parabolic subalgebras pp, p´q belongs to the open G-orbit if and only if p`p´ “ g.
Indeed, the G-orbit of pp, p´q is open if and only if the projection map
gÑ g‘ gÑ g{pI ‘ g{p
´
I ,
is surjective, which is equivalent to the condition p` p´ “ g.
Consider the preimage of this open G-orbit on G{PI ˆG{P
´
I in the stratum S
0
I :
S00I “
ď
DgPG:Ad pgqp“pI ,Ad pgqp´“p
´
I
ϕ´1pp, p´q
Clearly S00I is a Zariski open subset of S
0
I .
Let T be a maximal torus of G and T be its closure in the wonderful compactification.
Proposition 5.3. T belongs to
Ť
I S
00
I .
Proof. Suppose that x P T . Here we consider x as a point in PpEndV q. Note that in G different
points have different stabilizers in GˆG. Therefore, if we find the stabilizer of x then we find
the corresponding point in
Ť
I SI . Consider R “ tg | gx “ xu and R
´ “ tg |xg´1 “ xu. Then
R and R´ are radicals of the parabolic subgroups P and P´, corresponding to the point x.
Next, we recover the parabolics P, P´ as the normalizers of R,R´, respectively. We claim that
corresponding subalgebras p and p´ has the property, that p ` p´ “ g, therefore this point
belongs to
Ť
I S
00
I . To prove it we need the following antiautomorphism which is constant on h
σ : gÑ g, gα Ñ g´α for α P Φ
and a non-degenrate Shapovalov form on V with the property
pxv, wq “ pv, σpxqwq
for any x P g and v, w P V .
With respect to this form, all operators from the image of T are self-adjoint, hence the
same is true for all operators from T , so we have σpRq “ R´. But then p “ σpp´q and hence
p` p´ “ g, because h Ă p.
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
5.4. Bethe subalgebras. We assign a commutative subalgebra of the Yangian to any X P G.
Let
V “
à
i
V pωi, 0q
be again the sum of fundamental representations of the Y pgq. If we consider V as a represen-
tation of Lie algebra g, then
V “
˜
Vω1 ‘
˜ à
µ1ăω1
Vµ1
¸¸
‘ . . .‘
˜
Vωn ‘
˜ à
µnăωn
Vµn
¸¸
.
Consider the Segre embedding
θ : GÑ
ź
i
PpEnd pV pωi, 0qqq Ñ P
˜
End
˜â
i
V pωi, 0q
¸¸
.
Note that
End
˜â
i
V pωi, 0q
¸
“ End pVω1`...`ωnq ‘ End p‘µă
ř
i
ωiVµq.
The closure of the image of G under θ is the same as that of G in
ś
i PpEnd pV pωi, 0qqq. So the
latter is isomorphic to the wonderful closure G, see [4, Proposition 3.5].
5.5. Limit subalgebras and the wonderful compactification. Suppose thatX “ pX1, . . . , Xnq P
G Ă
ś
i PpEnd pV pωi, 0qqq. We define the subalgebra BpXq of YV pgq using the same formulas
as in Definition 4.2, just changing ρipCq to Xˆi:
τipu,Xq “ tr V pωi,0qXiT
ipuq, 1 ď i ď n.
Here Xˆi is an arbitary representative of Xi in End pV pωi, 0qq. Note that this definition is correct
because τipu,Xq “ τipu, cXq for any c P C{t0u. Note that Poincare´ series of BpXq could be
smaller that that of BpCq with C P Greg.
On the other hand we have the scheme Z parameterizing all limit Bethe subalgebras. Let Z˜
be the closure of Greg in Z ˆG.
Proposition 5.6. For any pz,Xq P Z˜ Ă ZˆG we have BpXq Ď Bpzq. In particular subalgebra
BpXq Ă Y pgq is commutative.
Proof. BpXq Ď Bpzq is a Zariski closed condition on pz,Xq P Z˜ Ă Z ˆG which is satisfied on
the open dense subset Greg Ă Z˜. 
Our purpose is to describe these subalgebras explicitly for any X P
Ť
I S
00
I . Consider a point
X “ pg, g, xq P S00I , where g P G, x “ x˜˝pr I P PpEnd pVIqq, x˜ P GI . Let l “ Ad pgqpIXAd pgqp
´
I
be the corresponding Levi subalgebra.
Theorem 5.7. For any X “ pg, g, xq P S00I , the corresponding subalgebra BpXq is Bpgxˆg
´1q Ă
YV plq Ă YV pgq, where xˆ P LI such that the class rxˆs in LI{ZpLIq is x˜. In particular, for any
pz,Xq P Z˜ such that X P S00 and x P GregI we have Bpzq “ BpXq.
Proof. We have
τipu,Xq “ tr V pωi,0qρipgqxρipg
´1qT ipuq “
tr V pωi,0qρipgqxAd pg
´1qT ipuqρipg
´1q “ ρipgqtr V pωi,0qxAd pg
´1qT ipuqρipg
´1q “
ρipgqtr VIXV pωi,0qρIpxˆqAd pg
´1qT ipuqρipg
´1q “ tr VIXV pωi,0qρipgqρIpxˆqρipg
´1qT ipuq.
18 ALEKSEI ILIN AND LEONID RYBNIKOV
so the generators of BpXq belong to Bpgxg´1q Ă YV plq. Note that τipu,Xq with i P QzI
generate the center of YV plq and τipu,Xq with i P I generate Bethe subalgebra in YV prl, lsq.
Since BpXq is conjugate to the Bethe subalgebra Bpxq in YV plq it has the same Poincare´
series as the subalgebra H . Hence the Poincare´ series of BpXq and Bpzq are the same, so
BpXq “ Bpzq. 
Remark. By Proposition 5.3 the above assertion is true for any X P T .
Corollary 5.8. For X “ pg, g, xq P S00I such that x P GI is regular, the corresponding Bethe
subalgebra BpXq is a free polynomial algebra with the same Poincare´ series as that of the Cartan
subalgebra H Ă Y pgq.
We conjecture that the scheme Z which parameterizes limit Bethe subalgebras is a resolution
of G. More precisely, we have the following
Conjecture 5.9. The projection to the first factor of ZˆG gives the isomorphism Z˜Ñ˜Z. The
projection to the second factor gives a birational proper map Z Ñ G.
6. Example g “ sln
6.1. Definition of Bethe subalgebras. Suppose that g “ sln. We consider W “ V pω1, 0q.
As a representation of g this is the tautological representation Cn. In this case XW pgq is
well-known Y pglnq, see [13]. Note that Rpuq “ 1 ´
P
u
in this representation. Here P is the
permutation operator in EndW b EndW .
Let C be a diagonal matrix with the eigenvalues λ1, . . . , λn. There are two equivalent defi-
nitions of a Bethe subalgebra.
Definition 6.2. Bethe subalgebra BpCq Ă YW pslnq is the subalgebra generated by coefficietns
of the following series, k “ 1, . . . , n
τkpu,Cq “
ÿ
1ďa1ă...ăakďn
λa1 . . . λak t
a1...ak
a1...ak
puq,
where
ta1...akb1...bk puq “
ÿ
σPSk
p´1qσ ¨ taσp1qb1puq . . . taσpkqbkpu ´ k ` 1q
are the quantum minors.
Denote by Ak the image of antisymmetrizerÿ
σPSk
p´1qσσ P CrSks
in End pCnqbk.
Definition 6.3. Bethe subalgebra BpCq Ă YW pslnq is the subalgebra generated by coefficietns
of the following series, k “ 1, . . . , n
τkpu,Cq “ trAkC1 . . . CkT1puq . . . Tkpu´ k ` 1q,
where we take the trace over all k copies of End Cn.
It is well-known that in this case V pωi, 0q as sln-module is Vωi “ Λ
ipCnq. Therefore V “À
i Vωi . Moreover, the Y pslnq-module V pωk, 0q is the image of the operator Ak in the tensor
product of Y pslnq-modules
V pω1,´pk ´ 1qq b V pω1,´pk ´ 2qq b . . .b V pω1, 0q “ pC
nqbk,
see [13, Proposition 6.5.1].
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Remark. Note that our action of T puq P EndW bXW pgq in representation W is Rpuq. It is
different from the action in [13], where T tpuq acts by Rp´uq.
Recall that T ipuq P EndV b YV pgq is the submatrix of T puq-matrix, corresponding to i-th
fundamental representation. It is easy to see that T 1puq maps to T puq under the isomorphism
YV pslnq » YW pslnq. Therefore from the inclusion of representation it follows that T
kpuq maps
to Tkpu´ k ` 1q . . . T1puqAk “ AkT1puq . . . Tkpu ´ k ` 1q.
So we see that our Definition 4.2 of Bethe subalgebras coincides with the Definition 6.3.
6.4. Limits of Bethe subalgebras. Let us define two different embeddings:
ιk : Y pgln´kq Ñ Y pglnq; t
prq
ij ÞÑ t
prq
ij
ξn´k : Y pglkq Ñ Y pglnq; t
prq
ij ÞÑ t
prq
n´k`i,n´k`j
According to PBW-theorem these maps are injective. By definition, put
γn : Y pglnq Ñ Y pglnq; T puq ÞÑ pT p´u´ nqq
´1.
It is well-known that γn is an involutive automorphism of Y pglnq. We define a homomorphism
ηn´k “ γn ˝ ξn´k ˝ γk : Y pglkq Ñ Y pglnq.
Note that ηn´k is injective.
Recall the description of some limit subalgebras of Y pglnq from [8], e.g. [8, Theorem 5.3(1)].
Theorem 6.5. Let C0 “ diag pλ1, . . . , λn´kq and C1 “ diag pλn´k`1, . . . , λnq. Suppose that
Cptq “ diag pC0, 0, . . . , 0loomoon
k
q ` t ¨ diag p0, . . . , 0loomoon
n´k
, C1q P T
reg (i.e. both C0 and C1 are regular and
non-degenerate). Then
lim
tÑ0
BpCptqq “ ιkpBpC0qq b ηn´kpBpC1qq.
We give a new proof of this Theorem by deducing it from Theorem 5.7. Note that Y pglnq “
XW pslnq “ YW pslnq b ZpXW pslnqq, see e.g. [13]. Moreover BpCq Ă Y pglnq contains the center
and is a tensor product of a Bethe subalgebra in the YW pslnq and the center. Hence it is
sufficient to prove Theorem 6.5 in case of YW pslnq.
Proof. Let I “ ∆{tαku. Let l be the corresponding Levi subalgebra. Consider the limit tÑ 0
of Cptq in T Ă G. Then we obtain the point X “ pe, e, xq P S00I , where
x “ diag
˜
λ1, . . . , λn´k,
˜
n´kź
i“1
λi
¸
λn´k`1, . . . ,
˜
n´kź
i“1
λi
¸
λn
¸
.
We claim that BpXq coincides with ιkpBpC0qq b ηn´kpBpC1qq. Indeed, from section 3 we
have an embedding of YVI plq Ñ YV pslnq » YW pslnq such that the image of YVI plq in YW pslnq is
generated by the following elements:
tijpuq, 1 ď i, j ď n´ k from Vω1
t
i1,i2
i1,i2
puq, 1 ď i1, i2 ď n´ k from Vω2
. . .
t
1,...,n´k
1,...,n´kpuq from Vωk
t
1,...,n´k,n´k`i
1,...,n´k,n´k`jpuq, 1 ď i, j ď k from Vωk`1
. . .
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t
1,...,n
1,...,npuq “ 1 from Vωn
Therefore Bethe subalgebra corresponding to X is generated by the coefficients of the fol-
lowing series:
τ1pu,Xq “
ÿ
1ďa1ďn´k
λa1ta1a1puq
τ2pu,Xq “
ÿ
1ďa1ăa2ďn´k
λa1λa2t
a1a2
a1a2
puq
. . .
τn´kpu,Xq “ λ1 . . . λn´kt
1...n´k
1...n´kpuq
τn´k`1pu,Xq “
˜
n´kź
i“1
λi
¸ ÿ
1ďa1ďk
λn´k`a1 t
1,...,n´k,n´k`a1
1,...,n´k,n´k`a1
puq
τn´k`2pu,Xq “
˜
n´kź
i“1
λi
¸ ÿ
1ďa1ăa2ďk
λn´k`a1λn´k`a2 t
1,...,n´k,n´k`a1,n´k`a2
1,...,n´k,n´k`a1,n´k`a2
puq
. . .
τnpu,Xq “ λ1 . . . λnt
1...n
1...npuq “ λ1 . . . λn.
The coefficients of the first n ´ k series generate subalgebra ιkpBpC0qq. Next we have
t1...n´k
1...n´kpuq in our subalgebra BpXq hence t
1...n´k
1...n´kpuq
´1 belongs to BpXq as well.
Recall the following Lemma, see [13, Lemma 1.11.3].
Lemma 6.6. Consider the map ηn´k : Y pglkq Ñ Y pglnq. We have
ηn´kpt
a1,...,am
b1,...,bm
puqq “ pt1...n´k
1...n´kpu` n´ kqq
´1 ¨ t1,...,n´k,n´k`a1,...,n´k`am
1,...,n´k,n´k`b1,...,n´k`bm
pu ` n´ kq
From this lemma we see that generators of Bethe subalgebra ηn´kpBpC1qq Ă YW pslnq are
t1...n´k
1...n´kpu` n´ kq
´1 ¨ τn´k`1pu` n´ k,Xq, . . . , t
1...n´k
1...n´kpu ` n´ kq
´1 ¨ τnpu` n´ k,Xq.
We conclude that BpXq “ limtÑ0 BpCptqq.

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